We investigate the relative perturbation bound of the group inverse and also consider the perturbation bound of the generalized Schur complement in a Banach algebra.
Introduction
Let A denote a Banach algebra with unit 1. Similar results also were given by Sheng and Chen in 3, Theorem 3.2 . The Drazin inverse of a 2 × 2 block complex square matrix in 1.4 with a singular generalized Schur complement was considered in 4-6 , where
For the expression of a 2 × 2 block operator matrix was investigated by Deng and Wei in 7 .
Abstract and Applied Analysis In this paper, we will consider some results on the relative perturbation bounds of group inverse and also give the perturbation bounds of the generalized Schur complement of an element a ∈ A under some certain conditions in a Banach algebra.
Perturbation Bound of a b − a d in Banach Algebra
In recent years, perturbation theory for the Drazin inverse of a given matrix A ∈ C n×n and its applications have been considered in 9-20 . In this section, we will investigate the relative perturbation bound of the group inverse in Banach algebra.
At first, we will give some concepts and lemmas as follows. 
where a 1 ∈ pAp is invertible and a 2 ∈ 1 − p A 1 − p is quasinilpotent. For any a ∈ A d , we write σ a , ρ a , and r a for the spectrum, the resolvent set, and the spectral radius of a, respectively. For λ ∈ ρ a and let R λ, a λ − a −1 . If 0 is an isolated point of σ a , then the spectral idempotent corresponding to the set {0} is defined by
where γ is a small circle surrounding 0 and separating 0 from σ a /{0}. Some lemmas will be useful for the following proof in this paper. 
2.7
Let b ∈ A be a perturbation element of a. According to 2.1 , we obtain 
Then a b is group invertible if and only if δ ∈ pAp is invertible and δ is invertible if and only if p a b p
2 pb 1 − p bp ∈ pAp is invertible. In this case, a b − a d a d ≤ T 2 1 1 − a −1 1 b 1 b 12 b 21 T 2 1 a −1 1 3 1 − a −1 1 b 1 4 b 12 b 21 T 1 T 2 T 2 a −1 1 b 1 1 − a −1 1 b 1 T 1 T 1 ,
2.9
where
2.10
Proof. 
Therefore, we have
2.11
From 
Note that
2.13
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2.15
From 2.13 , 2.14 , 2.15 , and by a
2.16
It follows from 2.12 that
Therefore, according to 2.14 , 2.15 , and 2.16 , we obtain
2.18
Since a 
Let 
2.22
Proof. where
Since b 2 a 2 0 and a 2 is quasinilpotent, by Lemma 2.2, we obtain
2.28
From a d baa d < 1, one easily has
2.29
It follows from 2.27 and 2.29 that
2.30
Combining 2.27 , 2.28 , and 2.29 , we obtain a b
2.31
From 2.31 , we derive
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Moreover, by 2.32 we get
2.33
Finally, from 2.33 we easily finish the proof. 
2.35
The conditions of Theorem 2. 
2.40
Thus, from 2.41 we completed the proof.
Theorem 2.12. Let a, b ∈ A be generalized Drazin invertible and satisfy the conditions
a d baa d < 1, a π ba aba π .
2.42
Then a b exists if and only if a π a b is group invertible. In this case,
2.44
Thus, according to 2.44 , we obtain b 4 a 1 0, a 1 b 3 0 and a 2 b 2 b 2 a 2 . Because a 1 is invertible in subalgebra pAp, we have b 3 b 4 0. Thus, b, a b have the matrix forms as follows:
It −a n .
2.46
By virtue of a
2.47
It follows from 2.46 and 2.47 that
2.48
Next, according to 2.48 , we obtain
Finally, using 2.49 the proof is finished. 
Let A, E ∈ C n×n with B A E, and let
2.52
If B π A π see 10, Theorem 2.1 , then 
2.60
It follows from the condition a 2 b d 2 < 1 and
It implies that b d 2 a 2 < 1 and
Therefore, combining 2.49 with 2.62 , we have
Thus, by 2.63 , we complete the proof.
Perturbation Bound of the Generalized Schur Complement
The 
3.10
Therefore, it is easy to see that 
